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Abstract
This work addresses modeling size distribution of solar-grade silicon particles grown by thermal decomposition of silane gas in a fluidized bed reactor. Particles grow with heterogeneous
chemical vapor deposition and by scavenging powder produced in homogeneous gas phase
reaction. The model uses ordinary differential and algebraic equations that track particle
movement through discrete size intervals to simulate changes in the size distribution. The
model solves quickly and is easily tuned to fit experimental data. Validating the model with
experimental data from pilot plant tests shows that this approach is useful for control system
design and scale-up of the fluidized bed silicon production process. Combining the developed model with feedback control theory also provides a novel method for sensitivity analysis.
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Introduction

The silicon industry has considered thermal decomposition of silane (SiH4 ) gas to solid silicon and
hydrogen gas in a fluidized bed reactor a potentially viable method of high-purity silicon production for several years. Until recently, the fluidized bed process was not developed for production.
The micro-electronics industry has been able to afford trichlorosilane (SiHCl3 ) decomposition in
a Siemens-type reactor, which costs $40-$65/kg as a result of batch processing and high energy
requirements. This cost is too high for the photovoltaics (PV) industry (Woditsch & Koch 2002),
which has been growing as much as 30% annually in recent years. Off-spec or by-product silicon
generated during micro-electronics manufacturing is used as feedstock for the PV industry, but
that supply is diminishing since the electronics industry has not experienced the growth of the PV
industry. The cost of producing solar-grade feedstock constitutes about 20% of the total cost of
solar cell production. So, developing an affordable source of solar-grade silicon will contribute to
the growth of the PV industry. To achieve such a goal , silicon production in a fluidized bed reactor
is receiving renewed attention from companies such as Solar Grade Silicon in Washington State.
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The feasibility of high-purity silicon production in a fluidized bed reactor to reduce capital
and operating costs has been studied in several laboratory-scale investigations. Hsu et al. (1987)
were able to identify factors that affect the size of silicon particles produced as well as equipment
that controls those factors. They also evaluated reactor performance for a variety of conditions.
Caussat et al. (1995a) completed additional experiments of fluidized bed silicon production. They
operated under slightly different conditions (e.g. smaller particles) and observed new phenomena
such as changes in fluidization quality caused by silane addition. More recently, Tejero-Ezpeleta
et al. (2004) completed experiments to determine optimal operating conditions for commercial
production of solar-grade silicon. In one of several studies of low-pressure polysilicon film deposition,
Zambov (1992) identified the rate of homogeneous silane decomposition. Additionally, Lai et al.
(1986), Furusawa et al. (1988) and Caussat et al. (1995b), among others, worked to develop rate
expressions for silane decomposition in fluidized bed reactors through both heterogeneous and
homogeneous pathways. These and other efforts provide a solid theoretical foundation for the
development of a commercial fluidized bed process.
Fluidized bed reactor dynamics are characterized by the production, growth, or decay of
discrete particles contained in a continuous phase. Examples of processes in which this type of
behavior is important include crystallization, production and growth of atmospheric aerosols or
biological cells, granulation, and fluidized bed vapor decomposition. Our aim is to establish a
dynamical model of the fluidization process which can be used to develop control strategies and
study dynamic stability. A particulate process has properties that are distributed along both
external and internal coordinates. The external coordinates are space and time. The internal
coordinates are particle properties such as size or age. In the framework of this phase space, Hulburt
and Katz (1964) used the theory of statistical mechanics to develop a continuous phase space
description of the particulate system behavior. The so called population balance equation describes
particles’ evolution in phase space. The population balance equation expresses the “conservation
of probability” (e.g. number density of particles) in the phase space.
The set of equations that results from the combination of the population balance equation
with mass balance equations for the continuous phase is often difficult to solve, because it can
include partial integrodifferential equations (Dueñas Diez et al. 2002). Moment transformation
and discretization are two commonly used methods of solution. Randolph & Larson (1988) proposed the use of moment transformation to solve such systems. Adams & Seinfeld (2002) used
a two-moment approach to predict aerosol size distributions. Weimer & Clough (1980) used or-
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thogonal collocation to solve a system of equations representing char gasification in a fluidized bed
reactor. Also, Hounslow (1990), Henson et al. (2002) and Immanuel & Doyle III (2003) employed
different discretization techniques to predict crystal, cell, and polymer growth, respectively. Most
solution methods employed first simplify the continuous population balance equation. A tractable
approximation of the equation is then obtained and solved for given conditions. One problem
with such discretization schemes is that the conservation principles may not hold exact for very
precise gridding (Adams & Seinfeld 2002). Another related problem is that the methods may be
computationally expensive.
This work addresses modeling and analysis of particulate processes using a discrete representation of the phase space. The approach simplifies the modeling task, ensures that conservation
laws are maintained at all discretization levels, and facilitates computation without additional discretization. In the limit of infinitely fine discretization, we obtain the classical population balance
model. The method can therefore be viewed as a physically based discretization scheme with an
additional constraint, which accounts for the number balance. Using silicon production in a fluidized bed reactor as a case study, we have developed a model for some properties of particulate
processes. The newly developed fluidization process is described in Section 2. The derivation of the
model is presented in Section 3. The relationship between the discrete model and the population
balance equation is established in Section 4. The model was validated against pilot plant data from
Solar Grade Silicon by tuning adjustable parameters to predict behavior more accurately. The data
collection and accuracy of model predictions, which indicate that this modeling approach is practical, are presented in Section 5. Using the validated model and feedback control theory to simulate
continuous operation of the reactor provides a novel way to investigate reactor performance at a
variety of conditions, and the results are discussed in Section 6.
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Process Description

A schematic presentation of silane decomposition in a fluidized bed reactor is shown in Figure 1.
Silane and hydrogen gases enter at the bottom of the reactor with sufficient space time velocity to
fluidize the bed of silicon particles. Wall heaters and preheated gas streams heat the fluidized bed
to maintain required reaction temperatures. When silane gas is heated, it thermally decomposes
to solid silicon and hydrogen gas. Most of the solid silicon deposits on the surface of the particles
in the reactor, causing the particles to grow. The hydrogen gas and some entrained silicon powder
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exit the top of the reactor. During continuous production, silicon product will be removed from the
reactor to ensure mass balance while seed particles will be added or generated to ensure constant
average particle size.
The fluidized bed reactor is governed by the overall reaction, SiH4(g) → Si(s) + 2H2(g) .
Silane (SiH4 ) gas thermally decomposes to solid silicon and hydrogen gas through two different
mechanisms. Silane undergoes heterogeneous chemical vapor deposition when it reacts at the
surface of solid silicon and forms a gray, crystalline solid. Silane undergoes homogeneous reaction
when it reacts with other silane molecules in the gas phase to form a brown, amorphous powder.
Some powder is scavenged by existing particles and then re-crystallized to contribute to particle
growth. The remainder is exhausted with hydrogen and thereby reduces the overall yield. One
important objective of this study is to develop models and control mechanisms that can be used to
improve yield by minimizing powder loss in a commercial production system.

3

Model Development

The concept of Hulburt and Katz’s (1964) particle phase space is illustrated in Figure 2. The
entire process is distributed across space and time, but the particles are also distributed across an
internal coordinate axis of size, age, or other quantity. They developed a model framework based
on statistical mechanics and an infinite dimensional representation of the particle dynamics. Our
approach is developed from a discrete representation of the particulate system. Macroscopic mass
and number balances are performed over discrete size intervals to simulate changes in the particle
size distribution. The size distribution equation models the internal size coordinate, and mass
balance equations model external space and time coordinates. The combination of the equations
produces a finite dimensional computer model that can be used to simulate processes such as
silane decomposition in a fluidized bed reactor. We show that our model converges to the classical
population balance model if we allow the number of discretization intervals to increase to infinity.
The model we develop assumes that all reaction takes place in the dense fluid bed section
of the reactor, shown in Figure 1. Reaction in the reactor freeboard is neglected. Equations for
the rate of silane decomposition have been obtained from the work of Lai et al. (1986). They
combine an expression from Iya et al. (1982) for heterogeneous decomposition and an expression
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for homogeneous reaction from Hogness et al. (1936) to give
Rhet = 2.79 × 108 e(−19530/T ) Cs Vg

(1)

Rhom = 2 × 1013 e(−26000/T ) Cs Vg .
Silicon production is expressed in units of moles per second in the above equations. The
reaction depends on the silane concentration, Cs , and the volume of gas, which is the difference
between the volume of the reaction zone and the volume of solids (Vg = V − Vs ). The volume
of solids is calculated with the density of silicon, and we assume that the particles’ porosity is
negligible, so Vs = M/ρ, when M is the total mass of silicon. As shown in Figure 1, it may
be necessary to account for loss of product as powder can be entrained and removed from the
reactor. Silicon particles in the reactor grow with heterogeneous decomposition and by scavenging
a fraction of the silicon powder produced through homogeneous decomposition. The remaining
powder is exhausted. So, the powder mole balance is
dMp
= Rhom − Rloss − Rsc .
dt
We assume the rate of powder scavenging is proportional to the concentration of silicon powder
produced so that
Rsc = ksc Cp .

(2)

Here, Cp is defined as the moles of powder divided by the volume of gas in the reactor. Some or all
of the powder may be scavenged by particles, so the range of values of the adjustable proportionality
constant is 0 ≤ ksc ≤ Vg m3 /s. The correct value can be determined by comparing model predictions
with experimental data.
A steady-state analysis of the powder mole balance allows definition of the rate of loss of
silicon powder (Rloss ) out the top of the reactor, which is
Rloss = Rhom − ksc Cp .

(3)

The total rate of solids production is the combination of the heterogeneous product and the scavenged powder, meaning
R = Rhet + Rsc .
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(4)

The model we develop is based on the assumption that the reactants, the silane gas and
silicon particles, are completely mixed. While this is a coarse assumption, it has been verified
experimentally that silicon particles are vigorously stirred by the gaseous components. Equations
(5) and (6) below represent the changes in silane and hydrogen concentrations respectively.
d(Vg · Csout )
= F in · Csin − F out · Csout − (R + Rloss )
dt

(5)

d(Vg · Chout )
= −F out · Chout + 2 · (R + Rloss )
dt

(6)

Here, F in and F out represent the total gas flow into and out of the reactor.
Figure 3 illustrates the modeling technique applied to the solid silicon particles. A key
assumption for this analysis is that particles are distributed among size intervals characterized
by an average number of moles, mi . A few different events cause particles to move between size
intervals. In the silicon fluidized bed reactor, the most obvious driving force for a change in the
size distribution is that reaction occurs and causes the particles to grow from one characteristic
size to the next. The distribution of the product of reaction into each size interval is represented
by ri . The resulting molar “flow” between intervals is represented by fi in the figure. Particles can
also aggregate, stick together, and form larger particles, as illustrated by f ai,j in the figure. For
each interval, there are two components of flow due to aggregation: flow into the interval (f ain
i )
and flow out of the interval (f aout
i ). Particle attrition can be represented similarly, but it is not
addressed in this work. Finally, the amount of particles in a size interval can change if external
flows qi add or remove particles. A general form of the mole balance over a size interval i is then
X
dMi
out
= fi−1 + ri − fi + f ain
−
f
a
+
qi,γ ,
i
i
dt
γ

(7)

where Mi is the number of moles of silicon particles in an interval.
To use Equation (7) to simulate changes in the particle size distribution, the flow terms
P
(fi , ri , f ai , γ qi,γ ) must be defined. External flows qi are defined by system properties. If the
fluidized bed reactor operates continuously, seed particles are added and large particles are removed
as product, and these flows affect the size distribution.
The ri term represents the amount of produced silicon that is distributed to the ith size
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interval. So, the total solids production rate defined in Equation (4) is given by the equation
R=

X

ri .

i

The rate of moles added to a size interval is in general a function dependent on parameters such as
then number of moles in an average particle in the interval (mi ), the number density of particles
P
of a certain size (Ni / i Ni ), temperature (T ), et cetera, so that
Ni
, T, ...).
ri = R(mi , P
i Ni

(8)

To simplify model development, it is assumed that the total reaction, R, is distributed among the
size intervals according to the fraction of total surface area of silicon particles inside the interval. If
Ai represents the total surface area of particles inside a size interval, then the product of reaction
that is distributed to that interval is given by
Ai
ri = R · P
.
i Ai

(9)

In this work, we assume that the particles are spherical. This corresponds well to experimental
sphericity measurements.
out
The terms, f ain
i and f ai , represent the molar flows into and out of size intervals that result

from particle aggregation. We assume that particle aggregation depends on binary interactions. We
furthermore assume that the molar flow of aggregated particles from the ith and j th size intervals,
f ai,j , is proportional to the product of concentrations of particles in intervals i and j. This gives
f ai,j = ki,j Ci Cj .
The concentration Ci is defined to be the moles of silicon in interval i divided by the volume of the
reaction zone. The value of ki,j is estimated by comparing model predictions with experimental
data.
It is important to distinguish between flow due to aggregation leaving an interval and flow
due to aggregation entering an interval. If, particles of size mi and mj combine to form a particle
of size mk , then the number of particles leaving interval i is a fraction of the total aggregation flow,
f ai,j . That fraction is defined by the number of moles in the aggregating particle relative to the
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number of moles in the created particle. The total flow out of interval i due to aggregation is the
sum of all the interactions with other particles so that
f aout
i

=

X

f ai,j

j

mi
·
mi + mj


.

(10)

The flow into an interval i depends on the number of moles in particles created by aggregation. The size intervals to which particles created through aggregation belong are determined by
comparing the number of moles in particles with the characteristic number of moles of each size
interval. Each size interval has a lower bound on moles, mLB
i . If a created particle has more moles
than mLB
and fewer than mLB
i
i+1 , then the particle belongs in interval i. The total aggregation flow
into an interval can be represented by the expression
f ain
i =

XX
j

f aj,k , for mLB
≤ (mj + mk ) < mLB
i
i+1 .

(11)

k

To close the balance equations (7) and develop an expressions for fi , we use the particle
number balance over each size interval. The combination of mass and number balances in this
modeling approach is similar to the two-moment method used by Adams & Seinfeld (2002) to discretize and solve the population balance equation. Here the method we develop is computationally
simpler since we can eliminate the number balance and develop an analytical expression for fi . The
number of particles in an interval (Ni ) can be obtained using
Ni =

Mi
,
mi

where again, mi is the number of moles in an average-sized particle in the interval. An important
assumption here is that the number of particles, Ni is a continuous variable. This implies that a
relationship between the time derivatives of number and moles of particles can be written
1 dMi
dNi
=
·
.
dt
mi dt

(12)

Just as a silicon mole balance over each size interval exists, a particle number balance over each
size interval also exists.
dNi
fi−1
fi
f ain f aout
=
−
+ i − i
dt
mi
mi+1
mi
mi
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(13)

Here the number of particles flowing in a stream is equal to the molar flow divided by the number of
moles in an average-sized particle of the flow. Neglecting external flows and substituting Equations
(7) and (13) into Equation (12) gives
fi = ri ·

mi+1
.
mi+1 − mi

(14)

To simulate silane decomposition in a fluidized bed reactor with the model, it is necessary to
solve a system of ordinary differential equations with defining algebraic expressions. The differential
equations (5) and (6) are used to predict changes in the gaseous species. Equation (7) with terms
defined by algebraic equations (9), (10), (11), and (14) are used to predict changes in the solid
particles. The system of equations is solved with MATLAB’s solver, ode15s.
There are adjustable parameters that can improve model predictions through comparison
of predictions with experimental data. The amount of homogeneous product (silicon powder) that
is scavenged by silicon particles, ksc Cp , ranges from zero to the total mass of powder produced.
The aggregation proportionality constant, ki,j , can be size-dependent and ranges from 0 to 10−8 .
A convenient way to define ki,j , which is also based on empirical evidence, is to assume that small
particles aggregate and large ones do not. Consequently, only two parameters, k and IC , are
required. The proportionality constant k indicates the extent to which particles smaller than a
critical size, IC , aggregate. So ki,j is defined as

ki,j =



 k ∀ i, j ≤ IC

(15)


 0 ∀ i, j > IC .
A comparison of model predictions with experimental data for an optimized choice of parameters
is presented in Section 5.

4

Relationship to Population Balance Equation

The population balance equation describes particle behavior along the internal and external coordinate axes. The population balance is, in a general form, (Randolph & Larson 1988)
∂n/∂t + ∇ · vn − B + D = 0.
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(16)

Here, n represents the particle distribution function. The rate of change of particles along internal
and external coordinate axes is represented by ∇·vn. The birth or death of particles due to particle
agglomeration or attrition is represented by the B and D terms respectively.
We now show that the discrete model (7) for growth of silicon particles approaches the
continuous population balance equation (16) when the number of size intervals increases. The
following derivation based on ones completed by Randolph & Larson (1988) and Kreuzer (1981)
illustrates this concept. If the expression (14) for molar flow between size intervals, fi , is substituted
into the size interval mass balance, (7), it is possible to re-write the balance:
X
dMi
OU T
= fi−1 − fˆi + f aIN
+
qi,γ .
i − f ai
dt
γ

(17)

If µ represents the continuous mass density distribution over a region Ω of the particle phase space,
then the total mass of particles is
Z
Mi =

µdΩ.
Ω

The aggregation “flow” terms are source and sink terms, the difference of which may be expressed
as
f aIN
i

−

Z

T
f aOU
i

(B − D)dΩ.

=
Ω

The flow along the internal coordinate axis, fi , and the external flow from the surroundings,

P

γ qi,γ

can be written
fi−1 − fˆi +

X

Z
qi,γ =

vdΩ
Ω

γ

Using these expressions, the interval mass balance can be re-written.
d
dMi
=
dt
dt

Z

Z
µdΩ =

Ω

Ω

∂
µdΩ =
∂t

Z

Z
(B − D)dΩ +

Ω

vdΩ
Ω

Since Ω, the region of particle phase space, is arbitrary, the integrand vanishes, and applying the
divergence theorem to the flow term gives
∂µ
− ∇ · v = B − D,
∂t

(18)

which is a special case of the population balance equation (16) applicable to our system. We
can therefore view Equation (7) and the adjoining constraints as a physically based discretization
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scheme for (16).

5

Model Validation

In this section, the model is validated against actual experimental results. Experiments were conducted in a pilot scale fluidized bed reactor at Solar Grade Silicon’s production site in Moses Lake,
Washington. A bed of silicon granules were charged, fluidized, and heated to reaction temperature.
Then, silane was introduced to the reactor and thermally decomposed, and silicon deposited onto
the granules. Usually once per hour, a mass of silicon granules equivalent to the mass of silicon deposited during the hour was removed from the bed. More frequent measurements were not feasible,
because an online particle size analyzer, such as the one described by Cooper & Clough (1985), was
not developed for the experimental system. The mass and size distribution of each removal was
recorded. To investigate changes in the average particle size in certain runs, small particles (seed)
were introduced periodically, and the mass removed increased accordingly.
The model estimates periodic change in particle size and mass using experimental reaction
conditions. Predicted and actual values of total mass and number of particles that were present in
the reactor when a sample was removed at the end of each period during an experiment are shown
in Figure 4. When the model does not account for powder loss, the Lai kinetic expressions predict
a total mass that is higher than the actual mass. This is expected since experiments indicate that a
fraction of the produced silicon is entrained and leaves the reactor with the gas during production.
Assigning a positive value to ksc (0 < ksc Cp < Mp ) enables the model to predict mass much more
accurately as shown in Figure 4. The predicted number of particles are estimates at the end of
each period based on mass and population balances. The modeled number is actually a continuous
parameter. Since the model predicts a number that is too high, it is necessary to account for particle
aggregation. Using Equation (15) to define ki,j , where 0 < k < 10−8 and IC = 3, allows the model
to predict the number of particles more accurately, as shown in Figure 4. With appropriate values of
ksc and ki,j , the size distribution is predicted accurately and within the range of uncertainty of the
measurement. Figure 5 shows the size distribution of silicon particles obtained near the beginning,
middle, and end of an experimental run. Model parameters were the same for all conditions. Many
other experimental runs were conducted, and the model exhibited similar behavior. These results
show that the efficient discrete interval model provides a practical way to predict the behavior of
this process.
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6

Sensitivity Analysis Using Feedback Control

A key control parameter in any particulate growth process is size control. Size grows through
deposition and agglomeration, which are included in model. Size is reduced through attrition,
which is not yet included in the model, and addition of small seed particles. Since small changes
in process conditions can upset the fine balance between growth and reduction, it is important to
understand long-term effects of process conditions on this performance. As a first approximation,
attrition is neglected and size reduction is controlled only through seed addition.
To this end, steady-state simulations incorporating feedback control theory were performed
to simulate the mass distribution of silicon particles in the reactor. This was achieved by solving
mass balance equations for each discrete size interval. The mass balance for each size interval can
be written as
X
dMi
= gi +
qi,γ .
dt
γ
T is a function of mass flow between size intervals, and
Here, gi = fi−1 + ri − fi + f aIN
− f aOU
i
i

qi represents external flow rates (seed and product) as shown in Figure 1. The external flow rates
control the mass and size distribution of silicon in the reactor. Applying a proportional feedback
(K) to keep mass of silicon in the reactor constant at a given set point, M ∗ , allows definition of
the external flow rates.
nH
X

qi = −

i=nL

nH
X


gi − K 

nH
X


Mi − M ∗  .

(19)

i=nL

i=nL

The range of size intervals is 1 ≤ nL ≤ nH ≤ N , where N is the largest size interval. If the
summations of Equation (19) are performed over all the size intervals, we have nL = 1 and nH = N ,
and it is possible to define the product flow rate required to maintain a constant total mass of
particles.
product = −

N
X

gi − K

i=1

N
X

!
Mi − M ∗

(20)

i=1

If the summations of Equation (19) are performed over the seed size intervals, where Is is the
largest seed size interval, then the seeding flow rate required to control the mass of seed particles
in the system is
seed = −

Is
X

gi − K

i=1

Is
X

!
Mi −

Ms∗

.

(21)

i=1

Equations (20) and (21) were used to define external flow terms in the model, and we checked
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performance sensitivity to various conditions. The steady state mass and flow rates achieved for
one scenario are shown in Figure 6. Many of these simulations were performed to produce Figure 7,
which illustrates that the average size of the product removed depends on the ratio of the mass of
seed particles to the total mass of particles in the reactor. The size simulations were performed for
Is = 3. The seed flow rate (21) had a fractional distribution of mass in the first three size intervals
of 0.3, 0.3, and 0.4, respectively.
Figure 8 shows that the product size distribution depends on the distribution of the seed
added to the reactor as well as the the seed to total mass ratio. Each column represents the product
distribution into size intervals 6, 7, and 8 obtained for a given seed flow distribution and a given
seed to total mass ratio in the reactor. Large product (size intervals 7 and 8) is obtained when
the seed to total mass ratio is low (0.17 or 0.20), as demonstrated in Figure 7. Additionally, the
relative amounts of different sizes change with different seed flow distributions.

7

Conclusions

Particle mass and number balances over discrete size intervals were performed to develop a tractable
population balance model for size distribution of particulate processes. The model simulates silicon
production during thermal decomposition of silane in a fluidized bed reactor. Simulations were
compared with experimental data and enabled determination of appropriate values of adjustable
parameters that accurately predict powder scavenging as well as particle aggregation. Consequently,
the model allows interpretation of growth and losses in a pilot scale unit. The novel sensitivity
analysis based on steady-state simulations with feedback control indicate how the product size
distribution is influenced by the ratio of seed to total mass and the distribution of seed entering the
system. This model will enable development of control strategies and study of dynamic stability of
particles’ behavior in fluidization processes.
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List of Symbols
Ai
Ch
Ci
Cs
F
f
fa
IC
ki,j
ksc
Mi
mi
Ni
q
ri
R
T
Vg

surface area of average particle of size interval i, m2
hydrogen concentration, mol/m3
concentration of silicon of size interval i, mol/m3
silane concentration, mol/m3
external gas flow, m3 /s
particle flow between size intervals, mol/s
particle flow due to aggregation, mol/s
critical size interval above which particles do not aggregate
aggregation proportionality constant, m6 /(mol·s)
scavenging proportionality constant, m3 /s
total moles of silicon in size interval i, mol
number of moles in average particle of size interval i, mol
total number of silicon particles in size interval i
external particle flow, mol/s
silicon production in size interval i, mol/s
silicon production rate, mol/s
reaction temperature, K
reactor gas volume, m3
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